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Math Club: Contest Week Six

Release Date:  April 19, 2023
Instructions:  Solve the following problem the best you can, first to submit the correct solution
via email or the secretaries in Room 332 (with time stamp) wins!

Problem 1. Fill out the side-length of every member in the below diagram to prove that given
6, = arctan(«) and g = arctan(/3) respectively, it follows that

0o + 63 = arctan(a) + arctan(f) = arctan <1a—+a66> .

Some angles and sides have already been filled in for clarity,




We redraw the diagram with labels for reference in solution writing:

X

Note that because AOXC is right, we can use pythagorean theorem to compute the length of OC
to be V1 + 2. Thus, the length of AC is V1 + o2 — 1. Again, noting that AOAB is right, we can
use pythagorean theorem to compute the length of OB to be /1 + B2.

Now note that because AOAB and AOC'D are similar, we have an implied ratio of sidelengths,

| _0i_aB_B0
Vita?2 OC CD DO
Thus, the lengths CD and DO are 8v1 + a2 and /(1 + a?)(1 + 52) respectively. Thus the length
BDis /1+B2(V1+a?-1).
Now note that because ACY D and AOXC are similar, we have an implied ratio of sidelengths,
CY YD DC
O0X XC CO
Thus, the lengths CY and Y D are 3 and o/3 respectively.
Now note that because AZY D and AZ X O are similar, we have an implied ratio of sidelengths,

8.

YD 7V 7y 7y
" X0 ZX ZV+YC+CX ZV+f+a

a
Solving this equation we find that the length ZY = (a?8 + af?)/(1 — af3).
Finally, because AZY D and AZ X O are similar, we have an implied ratio of sidelengths,
YD _DZ__DZ__ Dz
XO 0Z DZ+DO DZ+J1+ta®(1+5)

af

Solving this equation we find that the length DZ = a8+/(1 + a2)(1 + 82)/(1 — af).

Finally, we note the desired result from the completed diagram,
ZX ZY+YC+CX (&?B+af?)/(1—aBf)+B+a  a+p
X0 X0 B 1 T 1-af

tan(0, + 65) =



