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Math Club: Contest Week One

Release Date:  September 7, 2022
Instructions:  Solve the following problem the best you can, first to submit the correct solution
via email or the secretaries in Room 332 (with time stamp) wins!

Problem 1. Given
2 +piz+q = (r—a)(r—b)
2% 4 pox + g2 = (v — ag)(z — by).

Rewrite the expression
(a1 — az)(a1 — b2) (b1 — az)(by — b2)

in terms of p1, g1, p2, and g¢o.

Solution. Firstly, note by Vieta’s formulae we know

p1=—a1—br q=ab
p2 = —az — by g2 = azba.

These identities will be used heavily in the later stages of this solution. Note, by simple substitution
af + paar + @2 = (a1 — az)(ar — by)
bt + paby + g2 = (b1 — a2)(by — by).

Thus,
(a1 — az)(a1 — b2) (b1 — az)(by — ba) = (af + p2ar + q2)(b] + p2b1 + q2).

Expanding the right hand side of this expression we get
aibi + paaibi + qaaf + paaibi + piarby + pagaar + gabi + pagaby + 5.
We can collect and simplify terms (using our previous identities) in the following manner.
aibi = (a1b1)” = ¢i
p2aibi + paarbi = —pa(arbr)(—a1 — b1) = —pipaqu
g2ai + @207 = q2((—ar — b1)* = 2(ar1br)) = @2(p] — 2a1) = Piaz — 2q142
praiby = p3(aibr) = pia
P2q2a1 + p2gabi = —paga(—a1 — b1) = —p1p2¢e
2 _ 2
42 = 4a-

And so we arrive at the expression

4 —2q1q2 + G5 + Pige — Pipage + PEq1 — P1p2aa

Which simplifies as
(@1 — @2)* + (1 — p2) (D192 — P2q1).



