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Introduction

Definition 1 ([2], Theorem 4.5.1). The Fourier expansion for holomorphic weight k Eisenstein
series attached to primitive non-trivial Dirichlet characters χ1 and χ2 such that χ1χ2(−1) =
(−1)k is given as

Eχ1,χ2,k(z) =
∑
1≤N

∑
A|N

χ1(A)χ2(N/A)(N/A)
k−1e(Nz) where e(z) = exp(2πiz).

The central character of this series is ψ = χ1χ2. Given a matrix γ ∈ Γ0(q1q2) recall that we have
the relation under Mobius transformations given by Eχ1,χ2,k(γz) = ψ(dγ) j(γ, z)

kEχ1,χ2,k(z).

Definition 2. Let us define the polynomial

Pk−2(z) = (Xz + Y )k−2 =

((
X Y

)(z
1

))k−2

.

Given a matrix γ =
(
a b
c d

)
∈ SL2(Z) we have the relation under Mobius transformations given by

Pk−2(γz) = (Xγz + Y )k−2 =

(
j(γ, z)−1 (X Y

)(a b
c d

)(
z
1

))k−2

.

For fixed z, this polynomial Pk−2(z) is a member of Vk−2(C) which is the vector space of degree
k − 2 homogeneous polynomials in two variables having complex coefficients.

Definition 3.Given a function f : H → C and a matrix γ ∈ SL2(Z), we define the weight k slash
operator as f |γ(z) = j(γ, z)−kf (γz).

Definition 4.Given weight k, primitive non-trivial Dirichlet characters χ1 and χ2 with conductors
q1 and q2 respectively such that χ1χ2(−1) = (−1)k, γ =

(
a b
c d

)
∈ Γ0(q1q2), and z0 = −d/c+i/(c2u)

such that γz0 = a/c + iu; we define ϕχ1,χ2,k(γ, Pk−2) as,

ϕχ1,χ2,k(γ, Pk−2) =

∫ γ∞

∞
Eχ1,χ2,k(z)Pk−2(z) dz = lim

u→0+

∫ γz0

z0

Eχ1,χ2,k(z)Pk−2(z) dz.

By specializing X and Y such that Pk−2(z) = (z − a/c)k−2 we define another function,

Sχ1,χ2,k(γ) = (−1)kτ (χ1)(k − 1)ϕχ1,χ2,k

(
γ, (z − a/c)k−2

)
.

Theorem 1.For k ≥ 3, given primitive non-trivial Dirichlet characters χ1 and χ2 with conductors
q1 and q2 respectively such that χ1χ2(−1) = (−1)k; if γ =

(
a b
c d

)
∈ Γ0(q1q2), then

Sχ1,χ2,k(γ) =
∑

j mod c
n mod q1

χ1(n)χ2(j)B1

(
j

c

)
Bk−1

(
aj

c
+
n

q1

)
.

Homological Properties

Definition 5. Recall that Vk−2(C) is the vector space of degree k − 2 homogeneous polynomials
in two variables having complex coefficients. Let P (X, Y ) be a polynomial in Vk−2(C); given a

central character ψ, we define V
ψ
k−2(C) as the same vector space of polynomials with the right

group action Vk−2(C)× Γ0(q1q2) → Vk−2(C) via the map

P (X, Y ) ·
(
a b
c d

)
7→ ψ(d)P

((
X Y

)(a b
c d

))
.

It is simple to verify that this indeed forms a right group action. Note that in the case of

Pk−2(z) ∈ V
ψ
k−2(C) one has the relation Pk−2(z) · γ = ψ(dγ)P |γ(z).

Lemma 1. Suppose we have two matrices γ1, γ2 ∈ Γ0(q1q2). We have that ϕχ1,χ2,k is a crossed
homomorphism

ϕχ1,χ2,k(γ1γ2, Pk−2) = ϕχ1,χ2,k(γ1, Pk−2) + ϕχ1,χ2,k(γ2, Pk−2 · γ1).

Corollary 1.We recover the homological properties of Sχ1,χ2,2 as in [3] Lemma 2.2. Specifically
we can view Sχ1,χ2,2 as an element of the space Hom(Γ1(q1q2),C) and we have a crossed homo-
morphism relation for Sχ1,χ2,2 given by

Sχ1,χ2,2(γ1γ2) = Sχ1,χ2,2(γ1) + ψ(dγ1)Sχ1,χ2,2(γ2).

Analysis

Lemma 2. For an integer K ≥ 1 and z ∈ H we have∑
1≤B

χ2(B)BKe2πABiz = 2qK2

(
τ (χ2)K!

(−2πi)K+1

)∑
v∈Z

χ2(v)

(Az + v)K+1
.

Lemma 3. For K > 0, when c ∤ A we have that
∑
v∈Z |Aa/c + v|−1−K <∞.

Lemma 4. For an integer K ≥ 1, when c ∤ A we have that∣∣∣∣∣∣ limu→0+

∑
1≤B

χ2(B)BKe2πAB(ia/c−u)

∣∣∣∣∣∣ =
∣∣∣∣∣∣2qK2

(
τ (χ2)K!

(−2πi)K+1

)∑
v∈Z

χ2(v)

(Aa/c + v)K+1

∣∣∣∣∣∣ <∞.

Corollary 2. For an integer K ≥ 1, when c ∤ A we have that

lim
u→0+

√
u
∑
1≤B

χ2(B)BKe2πAB(ia/c−u) = 0.

Lemma 5. For integers k ≥ 3 and 0 ≤ n < k − 2 we have

lim
u→0+

√
u
∑
1≤A

χ1(A)

An+1

∑
1≤B

χ2(B)Bk−n−2e2πAB(ia/c−u) = 0.

Corollary 3. For integers k ≥ 3 and 0 ≤ n < k − 2 we have

lim
u→0+

uk−n−2
∑
1≤A

χ1(A)

An+1

∑
1≤B

χ2(B)Bk−n−2e2πAB(ia/c−u) = 0.

Lemma 6. For k ≥ 3, we can interchange the sum and limit

lim
u→0+

∑
1≤A

χ1(A)

Ak−1

∑
1≤B

χ2(B)e2πAB(ia/c−u) =
∑
1≤A

χ1(A)

Ak−1
lim
u→0+

∑
1≤B

χ2(B)e2πAB(ia/c−u).

Theorem 1 Proof Sketch

We seek to simplify our complicated Eichler-Shimura type integral to a finite sum; this process roughly
follows [3]. We begin by substituting Definition 1 into Definition 4,

ϕχ1,χ2,k(γ, Pk−2) = 2 lim
u→0+

∫ γz0

z0

(Xz + Y )k−2
∑
1≤N

∑
A|N

χ1(A)χ2(N/A)(N/A)
k−1e(Nz)

 dz.

We may interchange the sums and integral due to the rapid decay of e(Nz) when Im(z) > 0; thus

ϕχ1,χ2,k(γ, Pk−2) = 2 lim
u→0+

∑
1≤N

∑
A|N

∫ γz0

z0

(Xz + Y )k−2χ1(A)χ2(N/A)(N/A)
k−1e(Nz) dz.

Using repeated integration by parts differentiating (Xz + Y )k−2 and integrating e(Nz), we have

ϕχ1,χ2,k(γ, Pk−2) = 2 lim
u→0+

∑
1≤N

∑
A|N

k−2∑
n=0

(
χ1(A)χ2(N/A)N

k−n−2

−Ak−1(−2πi)n+1

(
dn

dzn
(Xz + Y )k−2

)
e(Nz)

)∣∣∣∣∣
γz0

z0

.

These terms evaluated at z0 vanish in the limit, thus we are left with ϕχ1,χ2,k(γ, Pk−2) =

2 lim
u→0+

∑
1≤N

∑
A|N

k−2∑
n=0

(
χ1(A)χ2(N/A)N

k−n−2

−Ak−1(−2πi)n+1

)(
Xn(k − 2)!

(k − n− 2)!
(Xγz0 + Y )k−n−2e(Nγz0)

)
.

Specializing X and Y so Pk−2(z) = (z − a/c)k−2; we have (−1)kSχ1,χ2,k(γ)/(τ (χ1)(k − 1)) =

k−2∑
n=0

(
− 2ik−n−2(k − 2)!

(−2πi)n+1(k − n− 2)!

) lim
u→0+

uk−n−2
∑
1≤A

χ1(A)

An+1

∑
1≤B

χ2(B)Bk−n−2e2πAB(ia/c−u)

 .

Applying Corollary 3 and Lemma 6 we have

(−1)kSχ1,χ2,k(γ)

τ (χ1)(k − 1)
=

(k − 2)!

πi

(
− 1

2πi

)k−2∑
1≤A

χ1(A)

Ak−1
lim
u→0+

∑
1≤B

χ2(B)e2πAB(ia/c−u).

Theorem 1 Proof Sketch (Cont’d)

Using [3] Corollary 3.3 gives

(−1)kSχ1,χ2,k(γ)

τ (χ1)(k − 1)
= −(k − 2)!

πi

(
− 1

2πi

)k−2∑
1≤A

∑
0≤j<c

(
χ1(A)χ2(j)

Ak−1

)
B1

(
j

c

)
ec(Aaj).

Applying clever re-indexing tricks to this sum gives that (−1)kSχ1,χ2,k(γ) = χ2(−1)Sχ1,χ2,k(γ). So,

Sχ1,χ2,k(γ) =
1

2

(
Sχ1,χ2,k(γ) + χ1(−1)Sχ1,χ2,k(γ)

)
.

Thus we have,

(−1)kSχ1,χ2,k(γ)

τ (χ1)(k − 1)
= −

(
(k − 2)!

2πi

)(
− 1

2πi

)k−2∑
1≤A

∑
0≤j<c

(
χ1(A)χ2(j)

Ak−1

)
B1

(
j

c

)
ec(Aaj)

+ χ1(−1)

(
(k − 2)!

2πi

)(
1

2πi

)k−2∑
1≤A

∑
0≤j<c

(
χ1(A)χ2(j)

Ak−1

)
B1

(
j

c

)
ec(−Aaj).

Re-indexing and swapping the order of summation we have

(−1)kSχ1,χ2,k(γ)

τ (χ1)(k − 1)
= −

(
(k − 2)!

2πi

)(
− 1

2πi

)k−2 ∑
0≤j<c

χ2(j)B1

(
j

c

)∑
A̸=0

χ1(A)

Ak−1
ec(Aaj).

[1] Definiton 1 gives

Bk−1,χ(x) =



ikτ (χ)(k − 1)!

m(2π/m)k−1

∑
n̸=0

χ(n) sin(2πnx/m)

nk−1
if k even and χ even,

−i
kτ (χ)(k − 1)!

m(2π/m)k−1

∑
n̸=0

χ(n)i cos(2πnx/m)

nk−1
if k even and χ odd,

ikτ (χ)(k − 1)!

m(2π/m)k−1

∑
n̸=0

χ(n)i cos(2πnx/m)

nk−1
if k odd and χ even,

−i
kτ (χ)(k − 1)!

m(2π/m)k−1

∑
n̸=0

χ(n) sin(2πnx/m)

nk−1
if k odd and χ odd,

where m is the modulus of χ. We can express this more simply as

Bk−1,χ(x) =
(−i)kτ (χ)(k − 1)!

im(2π/m)k−1

∑
n̸=0

χ(n)

nk−1
em(nx).

Substituting this into our expression we have that (−1)kSχ1,χ2,k(γ)/(τ (χ1)(k − 1)) =

−
(
(k − 2)!

2πi

)(
− 1

2πi

)k−2
(

iq1(2π/q1)
k−1

(−i)kτ (χ1)(k − 1)!

) ∑
0≤j<c

χ2(j)B1

(
j

c

)
Bk−1,χ1

(
ajq1
c

)
.

Now applying [1] Theorem 3.1 gives us an equivalent expression (−1)kSχ1,χ2,k(γ)/(τ (χ1)(k − 1)) =

−
(
(k − 2)!

2πi

)(
− 1

2πi

)k−2
(

iq1(2π/q1)
k−1

(−i)kτ (χ1)(k − 1)!

)
qk−2
1

∑
j mod c
n mod q1

χ1(n)χ2(j)B1

(
j

c

)
Bk−1

(
aj

c
+
n

q1

)
.

Simplifying the leading coefficient gives

(−1)kSχ1,χ2,k(γ)

τ (χ1)(k − 1)
=

(−1)k

τ (χ1)(k − 1)

∑
j mod c
n mod q1

χ1(n)χ2(j)B1

(
j

c

)
Bk−1

(
aj

c
+
n

q1

)
.

Removing the scalar factor from both sides proves the theorem.
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